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Outline

Lecture 1

• Bayes theorem

• Implementation
– Conjugate distributions
– Markov Chain Monte Carlo simulation

• Three types of updating
– Distribution parameters, model inputs, model coefficients

Lecture 2

• Bayes networks

• Model calibration

• Model validation 2
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a, b,….. component nodes (model 
inputs, outputs, error terms, 
experimental data, events)

g - final model output

U - set of all nodes { a, b,…, g }
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π(g)  =  ∫ π(U) da db… df
PDF of final output g

Joint PDF of all nodes

Bayes network concept
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• Include various sources of uncertainty, errors, model predictions 
and experimental data

• Update all nodes based on new data at any node

• Assist in 
 model calibration
 model validation
 extrapolation
 sensitivity analysis

• Include epistemic uncertainty
 sparse data
 imprecise data
 measurement errors
 subjective information
 modeling errors

Bayes network benefits for UQ
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Urbina, Paez, 
Mahadevan, 
SDM 2009, 
SDM 2010

Example 1: Multiple levels of models & tests
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Bayes Network Implementation
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Bayesian Calibration

θ : Parameter Being Inferred

D : Observed data on Variable X

Continuous Case
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Three types of calibration:

1. θ is distribution parameter of random variable X

2. θ is input to a model, whose output is X

3. θ is coefficient of a model, whose output is X
7
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Calibration parameters 
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Joints

Smallwood energy disssipation model

Foam
Modulus of Elasticity E  No experimental data

 Six expert-specified intervals

8
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Epistemic Uncertainty:
Johnson family of distributions

• Flexible family of distributions – normal, lognormal, bounded, 
unbounded

• Four parameters  ξ, λ, γ, δ
• A transformation to standard normal distribution is defined for each 

of the above four distribution types

y = (x-ξ)/λ
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Uncertainty propagation
Posterior distributions of E

System level 
response

Bayesian updating

Prior distributions of E

10
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Resource Allocation using Bayes
network

• N1 , N2  number of tests at levels 1 and 2

• Reduction in variance of system output  ∆V = f (N1, N2)

• Optimization
– Subject to total cost
– Find N’s so that ∆V is maximum 

• Future test  generated by random sampling

• Need to consider multiple random samples

• For each sample  calculate reduction in variance of 
system output

11
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 Y1 = X1 + X2 ,   Y2 = X3 + X4

 Z = Y1 – Y2

 Decide number of tests for Y1 and Y2

 Minimize variance of Z, subject to 
testing budget

 X1 and X3 have precise distributions 
 no update
– X1 ~ N(100,5)
– X3 ~ N(10, 1)

 X2 and X4 have prior distributions     
 updated with new data
– X2 ~ N(50, 10)
– X4 ~ N(15, 4)

X1 X2 X3 X4

Y1
Y2

Z

Cost of each test on Y1  10
Cost of each test on Y2  5
Total budget  50

OPTIMAL TESTING
n1 = 4, n2 = 2 12

Example 2: Multi-level models
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• Physical variability
• Loading
• Material Properties 

• Data uncertainty
• Sparse input data
• Output measurement

• Model uncertainty/errors
• Finite element discretization error
• Gaussian process surrogate model
• Crack growth law

• Complicated interactions
• Some errors deterministic, some stochastic
• Combinations could be non-linear, nested, or iterative

Finite Element Analysis
(Generate training points)

ΔKeqv
Surrogate Model 

Loading

Crack 
Propagation 

Analysis

Predict Final Crack Size (A) 
as a function of number of 

load cycles (N)

Material Properties
ΔKth σf

EIFS

13

Example 3: Connecting multiple models 
for crack growth prediction
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Slide 13 of 22

a0

Sankararaman et al, 2010 14

Dynamic Bayes network for crack growth UQ, 
calibration, validation
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Example 4: 1-D RF Switch Model

Electrostatic 
Model

V, g, td, b, 
h, ε0, A, εr

Structural Model
(fourth order PDE)

Damping 
Model

Impact 
Model

Felec

w', w, 
g, b, λ

Fdamp

w, g, td, 
Ef, b, λ

Fcontact
E, I, ρ, b, 
h, N, L

w, w', 
w''

15
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Equations of 1-D RF Switch Model
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E : Young’s modulus of beam
ρ : Density of beam
A : area
V : input voltage, step function
g : air gap
td : dielectric thickness
ε0 : permittivity of free space
εr : dielectric constant
w : vertical displacement of mass
w' : vertical velocity of mass
tasperity : asperity thickness
cf (w) : damping coefficient
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Black Box Representation of 1-D RF 
Switch Pull-In Voltage Calculation

g, td, ε0, 
ρ, L, h, 
b, εr, E, λ

Iterative 
solver

Vpull-in

17
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Bayes Network for a 1-D Switch 
– Black  Box Version
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Error  εV
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Calibration of Young’s Modulus E

• Fixed-fixed beam, distribution of E is unknown

– L, b, h : geometry of the beam (length, width, thickness)
– g : initial gap = (G + g0)
– εf : calibration residual ~ N(0,σf), σf is unknown and needs 

calibration
– εobs : measurement error ~ N(0,σobs)

fixed point fixed point

G

g0

Substrate
gold electrode obsplobspl

fpl

VV
EghbLfV

ε

ε

+=

+=

−
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Likelihood Function: Model Residual 
and Measurement Error 

• Construct the conditional probability of model prediction Vpl given E
and σf

 Vpl ~ N(f (L, b, h, g; E), σf) π(Vpl | E, σf)

• Construct the conditional probability of observation given Vpl

 Vpl-obs ~ N(Vpl, σobs) π(Vpl-obs | Vpl)

• Likelihood function of E and σf

fpl EghbLfV ε+= );,,,(

obsplobspl VV ε+=−

∫ −− == plfplplobsplfobsplf dVEVVVEVEL ),|()|(),|Pr(),( σππσσ
20
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Imprecise Experimental Data 
– Interval Data

• Voltage is increased in 5-volt steps during the 
measurement, and the pull-in voltage is reported within 
the range recorded  interval data 

• Incorporate interval data into likelihood function:
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Likelihood Function for Interval Data

• Interval data [V1i,V2i]  interval width = 5 volts

• Joint likelihood function of E and σf

• Marginal likelihoods of E and σf
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Results of Bayesian Model Calibration

Note:
The prior PDF’s of E and σf are assumed uniform (non-informative priors)
Maximum likelihood estimates: EMLE = 500 GPa, σf-MLE = 11.5

23
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Prior and Posterior Prediction of Pull-In 
Voltage

Mean Standard Deviation
Prior Prediction (Volt) 74.67 36.80

Posterior Prediction (Volt) 71.26 27.67
24
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Detailed Bayes Network 
without Error Terms

P1

V

Felec(t)

wt

wmax

Vpull-in = V

Fdamp(t)

Vpull-in ≠ V

P2

wt-1'

wt-1

P3

wt'

….

Data of 
Vpull-in

….

Data of 
wt'

Data of 
wt

Data of 
Felec(t)

Data of 
Fdamp (t)

Data of 
wt-1'

Data of 
wt-1

Data of 
wmax

Time = t+1Time = t-1

Note:
P1,P2,P3 : model parameters
If wmax = tair – td – 2*tasperity
 V = Vpull-in

25
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Bayes Network with Error Terms

P1

V

Felec(t)

wt

wmax

Vpull-in = V

Fdamp(t)

Vpull-in ≠ V

P2

wt-1’

wt-1

P3

wt'

….

Data of 
Vpull-in

errstruc

….

Data of 
wt'

Data of 
wt

Data of 
Felec(t)

Data of 
Fdamp (t)

Data of 
wt-1'

Data of 
wt-1

errstruc

errdamp

errelec

Data of 
wmax

Time = t+1Time = t-1

Note:
P1,P2,P3 : model parameters
If wmax = tair – td – 2*tasperity
 V = Vpull-in
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Model Validation

• Are model predictions consistent with the experimental 
observations, given a defined level of uncertainty?

• Graphical comparison
– Compare model predictions and experimental data graphically

• Classical hypothesis testing
– z-test or t-test (to compare mean values)
– Chi-Square test (to compare variances)
– Chi-square, K-S, Anderson-Darling, Cramer tests (for 

distributions)

• Bayesian hypothesis testing
– Bayes factor (applicable for well-characterized experiments and 

uncharacterized experiments) 27
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Bayesian Hypothesis Testing

• From Bayes theorem

• Validation metric  Bayes factor

• B > 1  data supports the model
• B < 1  data does not support the model
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Bayesian Hypothesis Testing
Implementation

• π0(y|θ): conditional PDF of y under the null hypothesis H0 given input θ
 π0(y|θ) is a continuous function if model output is uncertain given θ
 π0(y|θ) is a Dirac Delta function if model output is deterministic given θ

• π1(y|θ): conditional PDF of y (assumed uniform) under the alternative 
hypothesis H1 given input θ

• Pr(yi
D|y): Likelihood function  conditional probability of observing the data 

yi
D given model prediction y (since yD = y + εobs )

• y1, y2: integration limits, affecting the value of Bayes factor due to the uniform 
assumption for π1(y|θ)
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Example 5: Validation of damping factor
prediction

Measurement made at 
center of beam for ring 
down data; beam excited 
electrostatically 

• 7 Devices

• 4 pressures from 18784-66612 Pa

• 5 replicates of data

• Nickel beam 
Length = 395.34 um
Width = 120 um

Well-characterized experiments

30
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Damping Factor Model 

• Surrogate model of damping factor – Third order 
polynomial chaos expansion

r

n

i
ii fgtaC εφ += ∑ ),,(

]*,*,*,*,*,*,,,
,...*,*,*,,,,,,,1[),,(
222222333

222

fgfgftftgtgtfgt
fgftgtfgtfgtfgt =φ

t: thickness ai: coefficient
g: air gap Φi: i-th basis
f: frequency εr: residual

31
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Construction of likelihood functions

• Damping model

– εr is the residue term ~ N(0,σr)
– Input variables t, g, and f are measured for each data point
– Model output Cm ~ N(G(t, g, f ), σr)  π0(Cm | t, g, f ) 

• Construct likelihood function of model prediction

– εobs is the measurement error ~ N(0,σobs)
– Cobs ~ N(Cm, σobs) Pr(Cobs | Cm) , for a particular value of Cm

• y1 = 0, y2 = 1  under-damped system

rm fgtGC ε+= ),,(

obsmobs CC ε+=

32
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Bayes Factor Results
(well-characterized experiment)

• Four different surrogate models corresponding to four different 
pressures 

• Bi is computed at every experimental site (140 in total, 35 for each 
pressure)

• NBi > 1 = Number of experimental sites at which Bi is larger than 1

• RESULT: Models are supported by data at most experimental sites

18784 Pa 28643 Pa 43564 Pa 66612 Pa

min(Bi) 2.40e-6 0.001 0.202 1.48e-4

Max(Bi) 17.5 18.4 18.4 18.4

NBi > 1 30 30 33 21

B 1.33e7 1.92e26 1.17e32 2.28

33
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Summary

• Bayes network incorporates models and available 
data at different levels of complexity

• Both aleatoric and epistemic uncertainties, and 
errors, can be included

• System level model prediction uncertainty quantified

• Can be used for resource allocation

• Calibration can use data at multiple levels

• Validation  Bayes factor gives a quantitative 
measure of confidence in model prediction

34
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